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Abstract
The microscopic formula for the degeneracies of 1/8 BPS black holes in type II string theory
compactified on a six dimensional torus can be expressed as a sum of several terms. One of
the terms is a function of the Cremmer-Julia invariant and gives the leading contribution to
the entropy in the large charge limit. The other terms, which give exponentially subleading
contribution, depend not only on the Cremmer-Julia invariant, but also on the arithmetic
properties of the charges, and in fact exist only when the charges satisfy special arithmetic
properties. We identify the origin of these terms in the macroscopic formula for the black
hole entropy, based on quantum entropy function, as the contribution from non-trivial saddle
point(s) in the path integral of string theory over the near horizon geometry. These saddle
points exist only when the charge vectors satisfy the arithmetic properties required for the
corresponding term in the microscopic formula to exist. Furthermore the leading contribution
from these saddle points in the large charge limit agrees with the leading asymptotic behaviour
of the corresponding term in the degeneracy formula.
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1 Introduction
We now have a good understanding of the spectrum of BPS dyons in the four dimensional
N = 8 supersymmetric string theory obtained by compactifying type II string theory on
T 6. In particular the exact degeneracies are known for a class of 1/8 BPS dyons in this
theory [1, 2, 3, 4, 5, 6]. On the other hand after taking into account the effect of gravitational
backreaction these dyons are expected to become black holes with finite area event horizon and
hence have finite macroscopic entropy. In the limit of large charges the Bekenstein-Hawking
entropy of these black holes match the statistical entropy, – logarithm of the microscopic
degeneracy of states carrying the same charges.
In a recent series of papers an algorithm for computing the exact macroscopic degeneracy
of extremal black holes was proposed [7,8,9]. This algorithm – known as the quantum entropy
function – equates the macroscopic degeneracy with the partition function of string theory in
the euclidean near horizon geometry of the black hole that contains an AdS2 factor.
1 More
precisely the path integral contributing to the partition function includes sum over all config-
urations which asymptotes to the near horizon geometry of the black hole near the boundary
of AdS2. Given this algorithm for computing the exact macroscopic degeneracies it is natural
to compare this with the exact microscopic degeneracies which are known.2
1This gives the contribution from a single centered black hole horizon. The contribution to the degeneracy
from a generic multi-centered black hole is obtained by taking the product of the contribution from each horizon
and the degeneracies due to the hair modes, – degrees of freedom living outside the horizon [9]. For 1/8 BPS
black holes in N = 8 supersymmetric string theories we expect the effect of multi-centered configurations to be
absent for the charges of interest to us – both for the wall crossing [5] and also for the total index [10]. Hence
we can concentrate on the contribution from single centered black holes represented by a single AdS2 factor.
2Since on the macroscopic side we compute degeneracies but on the microscopic side we compute an appro-
priate helicity trace index [11,12] – the 14th helicity trace B14 in the present example – one might wonder if it
is appropriate to compare the two. It was argued in [9] that as long as the only hair degrees of freedom of the
2
A full analysis will be beyond the scope of the present work as it would require explicit
evaluation of the path integral of string theory in appropiate backgrounds. Instead in this paper
we investigate a particular aspect of this problem. The microscopic result for the degeneracy
can be expressed as a sum over finite number of terms. One of these terms, which gives the
leading contribution to the entropy in the large charge limit, is a function of the Cremmer-Julia
invariant constructed out of the charges [13, 14]. The other terms, which give exponentially
suppressed contributions in the large charge limit, exist only when the charge vectors satisfy
special arithmetic properties. We show that for each of these terms, one can identify saddle
points, constructed as appropriate orbifolds (without fixed points) of the near horizon geometry
of the black hole, satisfying the following properties:
1. The geometry associated with the saddle point coincides with the near horizon geometry
of the black hole near the boundary of AdS2. This shows that this is a valid configuration
to be included in the path integral over the string fields.
2. The saddle point exists only when the charge vectors satisfy special arithemetic properties
– the same properties for which the corresponding term in the microscopic degeneracy
formula exists.
3. For large charges the contribution to the path integral from this saddle point has the
same behaviour as the corresponding term in the degeneracy formula.
Thus these saddle points are the ideal candidates for representing the corresponding terms
in the degeneracy formula. This generalizes similar results for N = 4 supersymmetric string
theories [9] (see also [15, 16]).
2 N = 8 Dyon Spectrum: Microscopic Results
We consider type IIB string theory on T 6, which we shall label as T 4×S1×S˜1 by regarding two
circles inside T 6 as special. In this theory we consider a system of D5/D3/D1 branes wrapped
on 4/2/0 cycles of T 4 times either S1 or S˜1. We shall denote the charges of the D-branes
wrapped on S1 by P and the charges of the D-branes wrapped on S˜1 by Q. Both Q and P are
black hole are the fermion zero modes associated with broken supersymmetries – a condition we expect to be
satisfied for the configurations involving only D-brane charges as studied here [9] – the macroscopic degeneracy
should agree with the microscopic index −B14. For this reason we shall often refer to −B14 as the microscopic
degeneracy, and the various microscopic formulæ given in the text refer to this index.
3
8 dimensional vectors reflecting the dimension of the even cohomology of T 4. A perturbatively
realized symmetry which acts within this class of charges is SO(4, 4; ZZ)×SL(2, ZZ) where the
former is associated with the duality symmetries of T 4 and the latter is associated with the
global diffeomorphism symmetry of S1 × S˜1. A U-duality transformation maps this system to
type IIA string theory on T 6 where all charges arise in the NSNS sector, with Q representing the
electric charges and P representing the magnetic charges.3 In this case SO(4, 4; ZZ) appears as
a subgroup of the T-duality group and SL(2, ZZ) appears as the S-duality group of the theory.
In view of this we shall call SO(4, 4; ZZ) and SL(2, ZZ) as T- and S-duality sysmmetries even
though in the description we are using both are part of the T-duality group.
The intersection matrix L of the even homology cycles of T 4 defines a natural inner product
between the charge vectors Q and P :
Q2 ≡ QTLQ, P 2 ≡ P TLP, Q · P ≡ QTLP . (2.1)
We define
ℓ1 = gcd{QiPj −QjPi}, ℓ2 = gcd
(
Q2
2
,
P 2
2
, Q · P
)
, (2.2)
where Qi and Pi are the components of Q and P in some primitive basis of the charge lattice
Λ. ℓ1 and ℓ2 remain invariant under S- and T-duality transformations of (Q,P ). The formula
for the dyon degeneracy carrying charges (Q,P ) is known in the case4
gcd(ℓ1, ℓ2) = 1 . (2.3)
In this case the degeneracy formula for the charge vectors considered here takes the form
d(Q,P ) = (−1)Q·P+1
∑
s|ℓ1ℓ2
s ĉ(∆(Q,P )/s2) , (2.4)
where ∆(Q,P ) is the Cremmer-Julia invariant [13, 14]
∆(Q,P ) = Q2P 2 − (Q · P )2 , (2.5)
and ĉ(u) is defined through the relations [1, 2]
− ϑ1(z|τ)2 η(τ)−6 ≡
∑
k,l
ĉ(4k − l2) e2πi(kτ+lz) . (2.6)
3This can be done by first making a T-duality transformation on the circle S˜1 and then making a Z 2
U-duality transformation that maps (−1)FL to a geometric symmetry I4 that reverses the signs of all the
coordinates of T 4 and vice-versa [17]. Thus the (−1)FL odd gauge fields from the RR sector are mapped to I4
odd gauge fields given by the dimensional reduction of the metric and the NSNS 2-form fields along T 4.
4It may be possible to relax this condition by using the results of [1] for non-primitive charge vectors.
4
ϑ1(z|τ) and η(τ) are respectively the odd Jacobi theta function and the Dedekind eta function.
The derivation of (2.3), (2.4) has been reviewed in appendix A.
For large charges we have
ĉ(∆) ∼ (−1)∆+1∆−2 exp(π
√
∆) . (2.7)
Thus the s-th term in the sum grows as exp(π
√
∆/s). In this limit the s = 1 term dominates,
and the contribution to the entropy reduces to the Bekenstein-Hawking entropy of the black
hole given by π
√
∆. However the terms with s > 1 are significant in that they appear only
when the charge vectors satisfy some special arithmetic properties. Thus one should be able
to detect the origin of these terms in the macroscopic description by identifying contributions
which appear only when the charge vectors satisfy these special arithmetic properties.5
3 N = 8 Dyon Spectrum: Macroscopic Viewpoint
According to the proposal of [8,9], the macroscopic entropy of an extremal black hole is given
by the result of path integral over geometries whose asymptotic form coincide with the near
horizon geometry of the black hole. In the case under consideration the near horizon metric of
the Euclidean black hole carrying charges (Q,P ) takes the form:
ds2 = v
(
dr2
r2 − 1 + (r
2 − 1) dθ2
)
+w(dψ2+sin2 ψdφ2)+
R2
τ2
∣∣dx4 + τdx5∣∣2+ 9∑
m,n=6
ĝmndx
mdxn ,
(3.1)
where v, w, R are real constants, τ = τ1+ iτ2 is a complex constant, and ĝmn are real constants
labelling the metric along T 4. (r, θ) label an Euclidean AdS2 space, (ψ, φ) label a 2-sphere,
x4 and x5 label the coordinates along S˜1 and S1 respectively and x6, x7, x8, x9 are coordinates
along T 4. Each of the coordinates x4, · · ·x9, θ, φ has period 2π. The background also contains
constant values of various scalar fields and components of p-form fields along T 4 × S1 × S˜1,
and fluxes of various RR fields. In the six dimensional description, in which all the RR field
strengths can be regarded as self-dual or anti-self-dual 3-forms after dimensional reduction on
T 4, Q represents RR fluxes through the 3-cycle spanned by (x5, ψ, φ) and P represents RR
fluxes through the 3-cycle spanned by (x4, ψ, φ). The (anti-)self-duality constraints on the RR
field strengths in six dimensions relate the fluxes through the (x4, r, θ) and (x5, r, θ) planes to
those through the (x5, ψ, φ) and (x4, ψ, φ) planes. The charges (Q,P ) also determine, up to
5Different aspects of the relationship between arithmetic and black holes have been studied in [18, 19, 20].
5
flat directions, the parameters v, w,R, τ, ĝmn and the background values of various scalars and
p-form fields.
In our analysis we shall assume that the SO(4, 4; ZZ)T×SL(2, ZZ)S symmetry is a symmetry
of string theory in the near horizon geometry, ı.e. two different configurations which differ from
each other by the action of this symmetry on (Q,P ) give identical results for the partition
function. This assumption is natural since both of these are perturbative symmetries of the
theory in the description in which we are working. We can then make use of these duality
symmetries to bring the charge vectors (Q,P ) to a specific form and carry out the analysis;
the result for a general charge vector can be recovered by making an appropriate SO(4, 4; ZZ)T×
SL(2, ZZ)S duality transformation.
6 Now it was shown in [21] that given any pair of charge
vectors (Q,P ) we can use S-duality transformations to bring it to the form
(Q,P ) = (ℓ1Q0, P0), gcd{Q0iP0j −Q0jP0i} = 1 , (3.2)
where ℓ1 has been defined in (2.2) and Q0 and P0 are elements of the charge lattice Λ. We shall
use this representation. Furthermore it follows from the analysis of [22] that if for a charge
vector of the form (3.2) we define
n = Q20/2, m = P
2
0 /2, p = Q0 · P0 , (3.3)
then with the help of T-duality trasnformations we can bring Q0 and P0 inside a four dimen-
sional subspace of the full eight dimensional SO(4, 4) lattice, and label them by the vectors
Q0 =


1
n
0
0

 , P0 =


0
p
1
m

 , (3.4)
the metric in this subspace being given by
L =


0 1 0 0
1 0 0 0
0 0 0 1
0 0 1 0

 . (3.5)
6More generally we can assume that the full perturbative duality symmetry SO(6, 6; Z ) is a symmetry of
string theory in the near horizon geometry. In that case our results extend to a more general configuration
of D-branes which can be related to the configurations analyzed here by an SO(6; 6; Z ) transformation. A
general configuration of D-branes wrapped on various cycles of T 6 is characterized by a 32 dimensional charge
vector transforming in the spinor representation of SO(6, 6; Z ), but we do not know under what condition on
this charge vector it can be related to a configuration analyzed here by an SO(6, 6; Z ) transformation.
6
Furthermore we can choose the embedding of this four dimensional subspace in the even coho-
mology of T 4 such that the four rows of Q = ℓ1Q0 represent the RR 5-form fluxes through the
ψφx5x6x7, ψφx5x8x9, ψφx5x6x8 and ψφx5x9x7 cycles respectively, and the four rows of P = P0
represent the RR 5-form fluxes through the ψφx4x6x7, ψφx4x8x9, ψφx4x6x8 and ψφx4x9x7
cycles respectively. Thus the RR 5-form flux is of the form
F =
1
32π4
sinψ dψ ∧ dφ
[
ℓ1 dx
5 ∧ dx6 ∧ dx7 + ℓ1 n dx5 ∧ dx8 ∧ dx9 + p dx4 ∧ dx8 ∧ dx9
+dx4 ∧ dx6 ∧ dx8 −mdx4 ∧ dx7 ∧ dx9
]
, (3.6)
where we have normalized the flux so that its integral over any 5-cycle is an integer. From the
definition of ℓ2 given in (2.2), and (2.3), (3.2), (3.3) it follows that
ℓ2 = gcd(m,n, p), gcd(m, ℓ1) = 1 . (3.7)
The requirement of self-duality also forces us to have RR 5-form flux through AdS2 times
appropriate 3-cycles of T 6. They can be determined from (3.6) but we shall not write them
down explicitly.
We are now ready to describe our proposal for the macroscopic origin of the different terms
appearing in the microscopic formula (2.4). Due to the condition (2.3), any s contributing to
the sum in (2.4) must have the form
s = s1 s2, s1, s2 ∈ ZZ, s1|ℓ1, s2|ℓ2, gcd(s1, s2) = 1 . (3.8)
We propose that the s’th term in the sum in (2.4) arises from the orbifold of the geometry
(3.1) by a ZZs1 × ZZs2 transformation. The ZZs1 is generated by
(θ, φ, x5)→
(
θ +
2π
s1
, φ+
2π
s1
, x5 +
2πk1
s1
)
, k1 ∈ ZZ, gcd(s1, k1) = 1 . (3.9)
On the other hand the ZZs2 action is generated by
(θ, φ, x9)→
(
θ +
2π
s2
, φ+
2π
s2
, x9 +
2πk2
s2
)
, k2 ∈ ZZ, gcd(s2, k2) = 1 . (3.10)
Since s1 and s2 do not have any common factor, one can also regard this as a ZZs orbifold
generated by
(θ, φ, x5, x9)→
(
θ +
2π
s
, φ+
2π
s
, x5 +
2πj1
s1
, x9 +
2πj2
s2
)
,
j1, j2 ∈ ZZ, gcd(j1, s1) = gcd(j2, s2) = 1 . (3.11)
7
Since x5 and x9 circles are non-contractible, ZZs acts freely and hence this orbifold does not
have any fixed point.
A simpler description of this orbifold can be given by introducing new coordinates
ξ = αx5 + β x9, η = −s1j˜2 x5 + s2 j˜1 x9, j˜i ≡ ji/k, k ≡ gcd(j1, j2) , (3.12)
where (α, β) are chosen such that
α s2 j˜1 + β s1 j˜2 = 1, α, β ∈ ZZ . (3.13)
This is possible since gcd(s2 j˜1, s1j˜2) = 1 by construction. Since the transformation (3.12) is
unimodular, ξ and η are both periodic coordinates with period 2π. In terms of these new
coordinates (ξ, η) we can express the five form flux (3.6) and the orbifold action (3.11) as
F =
1
32π4
sinψ dψ ∧ dφ
[
ℓ1 (s2j˜1dξ − βdη) ∧ dx6 ∧ dx7 − ℓ1 n dx8 ∧ dξ ∧ dη
+p dx4 ∧ dx8 ∧ (s1j˜2 dξ + αdη) + dx4 ∧ dx6 ∧ dx8
−mdx4 ∧ dx7 ∧ (s1j˜2 dξ + αdη)
]
, (3.14)
(θ, φ, ξ, η)→
(
θ +
2π
s
, φ+
2π
s
, ξ +
2πk
s
, η
)
. (3.15)
It also follows from the definition of k given in (3.12) that gcd(k, s) = 1.
We are now ready to test the consistency of this orbifold. Since at the origin r = 1 of
AdS2 the θ translation has no effect, the effect of taking the ZZs orbifold (3.15) is to reduce
the flux through any 5-cycle sitting at r = 1 and containing (ψ, φ, ξ) to 1/s times its original
value. Thus in order that the orbifold satisfies the flux quantization laws, the coefficient of
every term inside the square bracket in (3.14), containing dξ, must be an integer multiple of
s = s1s2. Examining (3.14) and using the fact that ℓ1 is divisible by s1 and m,n, p are divisible
by s2 due to (3.7) we see that this is indeed the case. Thus (3.15) and hence (3.11) describes
a consistent orbifold in string theory. Conversely, unless s1|ℓ1 and s2|ℓ2, the coefficient of one
of the terms containing dξ inside [ ] will fail to be divisible by s and hence the orbifold (3.11)
will not satisfy flux quantization rule.
Following the procedure of [15, 9, 16] one can show that
1. These orbifolds have the same asymptotic behaviour as the near horizon geometry (3.1),
and hence must be included in the path integral for computing the quantum entropy
function.
8
2. The classical contribution to the path integral from these orbifolds is given by
exp(π
√
∆(Q,P )/s) , (3.16)
in agreement with the asymptotic behaviour of the s-th term in the sum in (2.4).
Since a detailed analysis can be found in [9] (section 6) we shall not repeat it here. One can also
show that these orbifolds preserve the necessary amount of supersymmetry so that integration
over the fermion zero modes associated with the broken supersymmetry generators does not
make the path integral vanish automatically [23]. Thus the contribution to the quantum
entropy function from these orbifolds is the ideal candidate for reproducing the s-th term in
the microscopic formula given in (2.4).
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A The Dyon Degeneracy Formula
In this appendix we shall give a derivation of the dyon degeneracy formula given in (2.3),
(2.4) from the duality covariant formula described in [6]. Let us consider the configurations
considered in the text, labelled by the charges (Q,P ). We shall use the symbol q to denote
the pair (Q,P ). Working in the duality frame described in footnote 3 one finds that the two
discrete duality invariants ψ(q) and χ(q) introduced in [6] take the form:7
ψ(q) = gcd
(
Q2
2
,
P 2
2
, Q · P, {QiPj −QjPi}
)
, (A.1)
and
χ(q) = gcd{qaq˜b − q˜aqb}, q˜ ≡ (Q˜, P˜ ) =
(
Q2P − (Q · P )Q,−P 2Q + (Q · P )P ) . (A.2)
The degeneracy formula given in [6] is valid for charge vectors with ψ(q) = 1 and takes the
form
d(q) = (−1)Q·P+1
∑
s∈zz,2s|χ(q)
s ĉ(∆(Q,P )/s2) . (A.3)
7Derivation of (A.1) and (A.2) can be found in [6]. In a general U-duality frame q belongs to the 56
representation of the U-duality group E7(7)( Z ), ψ(q) is the gcd of all the components of the 133 representation
constructed from the bilinear qaqb, q˜a represents the vector in the 56 representation constructed from the
trilinear qaqbqc, and χ(q) = gcd{qaq˜b − qbq˜a}.
9
A detailed derivation of this formula has been given in [5, 6] based on earlier work [2, 3] and a
recent discussion can be found in [24].
We shall now show that the restriction ψ(q) = 1 and (A.3) lead to (2.3), (2.4). From (A.1)
and (2.2) it follows that
ψ(q) = gcd(ℓ1, ℓ2) , (A.4)
and hence the restriction ψ(q) = 1 reduces to gcd(ℓ1, ℓ2) = 1 as given in (2.3). In order to
show that (A.3) reduces to (2.4) we need to show that the condition 2s|χ(q) corresponds to
the restriction s|ℓ1ℓ2 as appears in the sum in (2.4). For this we expand (A.2):
χ(q) = gcd
{
Q2(QiPj −QjPi), P 2(QiPj −QjPi), (−P 2QiQj −Q2PiPj + 2Q · P QiPj)
}
.
(A.5)
Now in computing the gcd we can certainly add to the list inside { } a term that is obtained
by antisymmetrizing the last set of terms in the indices i and j. This gives
χ(q) = gcd
{
Q2(QiPj −QjPi), P 2(QiPj −QjPi), 2Q · P (QiPj −QjPi),
(−P 2QiQj −Q2PiPj + 2Q · P QiPj)
}
. (A.6)
From this we see that a necessary condition for 2s|χ(q) is
2s | gcd{Q2(QiPj −QjPi), P 2(QiPj −QjPi), 2Q · P (QiPj −QjPi)}
= gcd(Q2, P 2, 2Q · P )× gcd{QiPj −QjPi} = 2ℓ1ℓ2 , (A.7)
and hence
s|ℓ1ℓ2 (A.8)
as given in (2.4). However we also need to show that this condition is sufficient ı.e. that once
(A.8) is satisfied then 2s automatically divides the last set of terms inside the list in (A.6).
These terms may be written in two different forms:
{(−P 2QiQj−Q2PiPj+2Q·P QiPj)} = {−(QkPi−PkQi) (QkPj−QjPk)−Q·P (PiQj−QiPj)} .
(A.9)
The form given in the left hand side shows that (A.9) is divisible by 2ℓ2 since 2ℓ2 = gcd(P
2, Q2, 2Q·
P ). On the other hand the form given on the right hand side shows that it is divisible
by ℓ1 since ℓ1 = gcd{PiQj − QiPj}. Now if ℓ1 is odd, then it follows from (2.3) that
gcd(2ℓ2, ℓ1) = 1 and hence (A.9), being divisible by ℓ1 and 2ℓ2, must be divisible by 2ℓ1ℓ2.
On the other hand if ℓ1 is even then QkPi − PkQi must be even for every i, k and hence
10
(QiPk −QkPi)(QiPk − QkPi) = 2{Q2P 2 − (Q · P )2} must be divisible by 4. Since Q2 and P 2
are even, we must have (Q ·P )2 even and hence Q ·P even. Thus the right hand side of (A.9) is
divisible by 2ℓ1. Furthermore for ℓ1 even ℓ2 must be odd since ℓ1 and ℓ2 cannot have a common
factor. In this case gcd(2ℓ1, ℓ2) = 1, and we again conclude that 2ℓ1ℓ2 divides (A.9) since 2ℓ1
and ℓ2 separately divides (A.9). Thus in either case we see that (A.9) is divisible by 2ℓ1ℓ2 and
hence by 2s. This shows that (A.8) implies 2s|χ(q) and we can express (A.3) as
d(q) = (−1)Q·P+1
∑
s∈zz,s|ℓ1ℓ2
s ĉ(∆(Q,P )/s2) . (A.10)
This is the relation given in (2.4).
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